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Radial distribution of charged particles in a magnetic field
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The radial spread of charged particles emitted from a point source in a magnetic field is a potential source
of systematic error for any experiment where magnetic fields guide charged particles to detectors with finite
size. Assuming uniform probability as a function of the phase along the particle’s helical trajectory, an
analytic solution for the radial probability distribution function follows which applies to experiments in which
particles are generated throughout a volume that spans a sufficient length along the axis of a homogeneous
magnetic field. This approach leads to the same result as a different derivation given by Dubbers et al.1
But the constant phase approximation does not strictly apply to finite source volumes or fixed positions,
which lead to local maxima in the radial distribution of emitted particles at the plane of the detector. A
simple method is given to calculate such distributions, then the effect is demonstrated with data from a 207Bi
electron-conversion source in the superconducting solenoid magnet spectrometer of the Ultracold Neutron
facility at the Los Alamos Neutron Science Center. Potential future applications of this effect are discussed.
PACS numbers: 23,29,41
I. EXPERIMENTAL MOTIVATION
Magnetic spectrometers for charged particles are
widely used in nuclear and particle physics experiments.
PERKEO2–4 and UCNA5,6 are two examples: these ex-
periments use magnetic spectrometers to measure the
beta asymmetry associated with the decay of polarized
neutrons, which characterizes the correlation between the
spin of the decaying neutron and the momentum of the
emitted electron,
dNe
d(cos θe)
= N0(Ee)
(
1 +A
pe
Ee
cos θe
)
, (1)
where θe is the angle between the neutron’s spin and
the electron’s momentum and “A” is known as the
beta asymmetry coefficient. Another current example
is KATRIN,7 which aims to find (or determine an upper
limit on) the mass of the electron neutrino by measur-
ing the most energetic electrons from the beta decay of
tritium.
In each of these experiments, beta decay takes place
in some volume in a magnetic field, then the decay elec-
trons are guided along the magnetic field lines to a detec-
tor at one end of the decay volume. The PERKEO and
UCNA experiments effectively cover 100% of 4π stera-
dians in solid angle for neutrons that decay within the
fiducial volume with detectors at both ends of the decay
volume. However, for a decay event on a magnetic field
line that passes near the edge of a detector, it is possible
for the electron to miss the detector. The probability for
such a missed event depends upon the radial probabil-
ity distribution of these particles, which is a function of
the particle’s charge, momentum, pitch angle and positon
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along the magnetic field line with respect to the detector.
A convolution between this distribution and the exper-
imental arrangement (neutron source density, magnetic
field and detector geometry) determines the size of this
potential systematic error for these measurements.
The radial distribution of particles in question exhibits
some peculiar features, particularly for sources at a fixed
distance from a detector. The fixed distance radial dis-
tributions are not monotonic and they exhibit multiple
local maxima. The following sections elucidate these fea-
tures then present an experimental demonstration of the
effect.
II. EQUATIONS OF MOTION
The radius of a charged particle in a magnetic field
with momentum perpendicular to the field is
r0 =
p
qB
. (2)
Units in which the speed of light is unity (c = 1) are used
here and throughout. If the momentum vector makes an
angle θ with the field, then the radius is
r = r0 sin θ. (3)
The zˆ axis is defined to follow the magnetic field, so θ as
defined is the polar angle and φ will be the azimuthal an-
gle. In a homogeneous magnetic field, the position of the
charged particle as a function of momentum, direction
and time is
~r(t) =xˆ[r(1 − cosωt) cosφ+ r sinωt sinφ]
+yˆ[−r(1− cosωt) sinφ+ r sinωt cosφ] (4)
+zˆ(p/E)t cos θ,
in which the angular frequency is given by ω = qB/m
and it has been assumed that the particle starts at z = 0.
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FIG. 1. Trajectory from Equation 5 for φ = 3pi/4, along with
the outer envelope of all possible trajectories including the
complete range in φ, [0, 2pi]. The arrow shows the position
for this trajectory at a time when ωt = 3pi/4.
This equation describes positively chaged particles, but
it is only necessary to change the sign on either the x or y
component to describe negatively charged particles. One
such trajectory in the x− y plane for φ = 3π/4 is shown
in Figure 1. The magnitude of the radial position in the
plane perpendicular to the magnetic field as a function of
time is independent of the azimuthal angle. The quantity√
~x · ~x+ ~y · ~y gives the magnitude of ~R as a function of
time:
R(t) = r
√
2− 2 cosωt. (5)
This expression could also be written as the absolute
value of a sine function. This equation is not sensitive to
the sign of a particle’s charge.
III. PHASE AVERAGED RADIAL DISTRIBUTIONS FOR
MONOENERGETIC PARTICLES
For the sake of insight, a simple approximation will be
discussed first. This approximation confirms results ob-
tained from a different approach by Dubbers,1 while its
simplicity illuminates the nature of the approximations
that were made. If all values of the phase are equally
likely, then the probability for finding the particle at a
particular value of R must be proportional to the time
spent there during any given revolution in the helical tra-
jectory. In other words, P (R) ∝ dt/dR. The derivative
of Equation 5 with respect to t can be inverted and sim-
plified to find
dt
dR
=
1
ωr
1√
1− (R/2r)2
. (6)
The denominator in front of the radical is just the par-
ticle’s velocity in the x − y plane. All values of R are
covered by one half of the smaller circle shown in Fig-
ure 1, which requires a time ∆t = π/ω. The normalized
distribution is given by (1/∆t)dt/dR:
dP
dR
=
1
πr
1√
1− (R/2r)2
. (7)
Inspection of Figure 1 corroborates this solution: the
probability is smallest at R = 0, where the velocity is
parallel to ~R; the probability diverges at R = 2r, where
the particle’s velocity is actually perpendicular to ~R and
R is instantaneously constant.
Equation 7 implicitly includes the pitch angle θ in the
variable r. Written explicitly as a function of these vari-
ables, the radial distribution for a given angle is
dP
dR
(R, θ) =
1
πr0
1√
sin2 θ − (R/2r0)2
. (8)
Up to a normalization factor, this result and its integrals
agree with Equations 20 and 25 of Dubbers.1 So it is safe
to conclude that the approximations made to arrive at
that result are equivalent to assuming uniform probabil-
ity in the phase along the particle’s trajectory. The radial
distribution for isotropically emitted monoenergetic par-
ticles can be found by averaging this expression over the
solid angle, with the limits of integration for the polar an-
gle set to θ< = arcsin(R/2r0) (the minimum angle that
can reach R) and θ> = π/2. The integral takes a sim-
ple form upon substitution of u = cos θ/
√
1− (R/2r0)2,
which gives the radial distribution of isotropically emit-
ted monoenergetic particles,(
dP
dR
)
isotropic
=
1
πr0
∫ 1
0
du√
1− u2
=
1
2r0
. (9)
Hence all values of R from 0 to 2r0 are equally likely for a
monoenergetic, isotropic source of particles. The density
of particles per unit area from such a source follows from
multiplying by dR/dA, from which one finds(
dP
dA
)
isotropic
=
1
4πRr0
, (10)
which implies that the density falls as 1/R. The distri-
butions derived in this section are shown in Figure 2.
IV. RADIAL DISTRIBUTIONS AT A FIXED DISTANCE
The phase averaged results are not applicable for a
fixed distance between the source of particles and the
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FIG. 2. Radial probability distributions averaged over the
phase. The distributions with the label “iso” have been av-
eraged over the solid angle of an isotropic distribution. All
distributions are zero for R/r0 > 2.
detector. The total phase angle at distance z from the
origin can be written in terms of the pitch angle,
ωt =
z
r0 cos θ
, (11)
in order to express the quantity of interest R from Equa-
tion 5 explicitly as a function of the distance and the
pitch angle:
R(z, θ) = r0 sin θ
√
2− 2 cos
(
z
r0 cos θ
)
. (12)
There can be no distribution analogous to Equation 8,
because R(z, θ) is completely determined by z and θ.
A radial distribution as a function of pitch angle only
makes sense if the particles come from a range of posi-
tions within the magnetic field. One might be tempted
to take the derivative of R(z, θ) with respect to θ, invert
it, then average it over the solid angle to find an isotropic
distribution analogous to Equation 9. Such an average
to obtain an isotropic distribution is not possible without
partitioning the integral, because dR/dθ is not a one-to-
one function within the limits of integration. Both R and
dR/dθ are shown in Figure 3.
The radial distribution is more difficult to calculate
for a fixed source-to-detector distance, but several useful
observations can be made about its form. In the limit
θ → π/2, the phase (z/r0)/ cos θ oscillates rapidly and
the phase-averaged limit of Equation 9 will be recovered.
The range of angles over which this limit is approached
depends upon the ratio z/r0; in the limit z/r0 →∞, the
phase-averaged limit will become valid over the whole
range. The largest departure from the phase-averaged
limit comes at small angles. The zeroes of R(z, θ) come
at θ = 0 and at cos θ = z/(2r0nπ), with n ∈ Z satisfying
cos θ < 1. The maxima in the radial distribution are
found between the zeroes in R(z, θ) (corresponding to the
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FIG. 3. R and dR/dθ for z/r0 = 10. Neither R nor its deriva-
tive are one-to-one functions. A more sophisticated procedure
is necessary to calculate the probability as a function of R in
this case.
maxima of R(z, θ)) and their amplitude is proportional
to the distance between the zeroes. The derivative at
θ = 0 is:
1
r0
∣∣∣∣dRdθ
∣∣∣∣ =
∣∣∣∣sin
(
2z
r0
)∣∣∣∣ . (13)
The distribution will have its largest maximum at a larger
radius if 2z/r0 is an integer multiple of π and a smaller
radius if 2z/r0 is a half-integer multiple of π.
An analytic solution to
∫
d(cos θ)/dR has not been
found and even if one were known, it would be neces-
sary to partition it and integrate separately between each
sequential pair of zeroes in R(z, θ). Despite this compli-
cation, it is simple to calculate the distribution by per-
forming the integral numerically or with a Monte Carlo
study. This procedure is described by an integral equa-
tion:
dP
dR
(R, z) =
[∫ 1
0
d(cos θ)
]
R(θ,z)∈[R,R+dR]
(14)
Either random or uniform values of cos θ can be used
to calculate a value of R from Equation 12. Then the
corresponding histogram in the range [R,R + dR] is in-
cremented. The probability as a function of radius for
z/r0 = 10 is shown in Figure 4.
V. EXPERIMENTAL DEMONSTRATION
In order to verify these sharply peaked distributions,
measurements were made using the apparatus built for
the UCNB experiment in the superconducting solenoid
(SCS) magnetic spectrometer6 at the Los Alamos Na-
tional Laboratory Ultracold Neutron source.8,9 A 207Bi
source was attached to the end of the high voltage shroud,
centered in front of a Si detector with 127 pixels10 at a
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FIG. 4. dP/dR for z/r0 = 10 from Equation 14. The largest
maximum in the distribution comes from the broadest max-
imum in R as a function of angle shown in Figure 3. The
distribution approaches the phase-averaged constant limit in
the upper limit of the range of R.
distance of 9.77 cm. The current in the magnet was incre-
mented from full field to less than 25% of the full field.
Spectra were taken from the center pixel and in pixels
from the first two rings around the center for each setting
of the magnetic field. Looking at monoenergetic conver-
sion electrons from the source, these spectra amount to
experimentally varying z/r0 while measuring the integral
of d(cos θ)/dR over the area (≈ 0.78 cm2) of the hexag-
onal pixels on the silicon detector. The data shown here
correspond to values of z/r0 ranging from 3.1 to 12.5;
B = 0.46 T results in the functions shown in Figures 3
and 4. The source and detector were placed such that
the electrons travelled through a primarily homogeneous
field between source and detector, according to the spec-
ifications of the SCS and its field map. For this ∼ 10
cm distance, the maximum specified field would corre-
spond to a uniform field of 0.6 T for the first 9 cm, then
a decrease in the field from 0.6 T to 0.59 T over the last
cm.
Spectra from three channels at one magnetic field set-
ting are shown in Figure 5. The quantity of interest is
the number of counts in the conversion electron peak
at roughly 976 keV. This peak is used because it has
7.1% intensity and it suffers minimally from backscat-
tering and background noise due to its relatively high
energy.
For each step in the magnetic field, the data were taken
for five minutes on all instrumented pixels. The number
of counts in each pixel (pi) is given by a modified version
of Equation 14,
Ni =
dN
dt
∆t
[∫
dΩ
]
~R(φ,θ,z)∈{pi}
, (15)
where dN/dt is the decay rate, ∆t is the duration of the
run, θ is still the pitch angle and φ is the azimuthal angle.
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FIG. 5. Spectra from three pixels with the magnet’s current
set to 65 A (corresponding to 0.315 T). The three pixels p0, p1
and p2 are respectively at r = 0, 1 and 2 cm from the center
of the detector. Note that for the two conversion electrons at
Ee ≈ 482 and 554 keV, there are no counts in p2 because it
is past 2r0 for these energies at this magnetic field.
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FIG. 6. Ratio between counts in the 976 keV peak from p1
and p0 in Figure 5 as a function of magnetic field.
Uncertainty related to the length of time for a run is not
a factor when considering the ratio of counts between two
pixels.
Results from the field scan are shown in Figures 6 and
7. Only the position of the source, which was attached
to the experiment with a piece of aluminized mylar tape,
was allowed to vary by a small amount while making cal-
culations to compare with the data. The coordinates in
best agreement with the data from those sampled were
for the source displaced 1.1 mm from the center of the
detector. A very small correction was calculated due to
a slight decrease in the magnetic field from 0.576 T by
about 0.01 T over the last centimeter to the detector
(or an equivalent fractional amount for smaller field set-
tings), but this correction has a negligible effect on the
quality of the results. No correction has been applied for
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FIG. 7. Ratio between counts in the 976 keV peak from p2
and p0 in Figure 5 as a function of magnetic field.
backscattering of electrons from the detector.
VI. CONCLUSIONS
The calculated distributions capture the trends in the
data quite well. Apparently, the radial distribution of
isotropically emitted charged particles in a magnetic field
does exhibit sharp maxima depending on the distance be-
tween the source and the detector. Such maxima could
also have an effect on an asymmetry measurement, given
a small decay volume or a decay volume with regions
where r0/z is not sufficiently large. Analyses of ex-
periments intended to measure angular distributions of
charged particles in magnetic fields with detectors of fi-
nite size should consider this effect. The strategy em-
ployed by the UCNA collaboration has been to vary the
fiducial volume to verify that the effect on the measured
beta asymmetry is negligible, which is possible because
of the position sensitivity of the multi-wire proportional
chambers11 before the scintillator detectors.
Backscattering of electrons and protons from silicon
detectors is a significant source of systematic error for
precise experimental measurements of beta decay pa-
rameters. This is true for several current experiments,
including decay-in-flight measurements of the neutron
lifetime12 and the electron-antineutrino correlation.13
Electron backscattering from silicon detectors is a po-
tential source of systematic errors for KATRIN as well.
The corrections due to backscattering are generally made
based on simulation packages such as PENELOPE14 and
GEANT.15 The backscattering of electrons from silicon
detectors has only been measured at normal incidence for
a limited range of energies.16,17
It would be worthwhile to verify the angular depen-
dence of backscattering from these simulations, which is
quite large. For example, PENELOPE simulations in-
dicate that the 976-keV conversion electrons presented
in this study have a probability of backscattering from
bulk silicon that varies from 13% at normal incidence to
more than 90% at grazing angles. The effect on the data
presented in this study does not appear to be as large
as these probabilities would suggest, probably due to a
magnetic mirror effect: the full field in the magnetic spec-
trometer at the source and detector is about 0.6 T, com-
pared to 1 T in the center of the spectrometer. A large
fraction of the backscattered electrons should reflect from
the pinch in the magnetic field then onto the detector
again. The experimental technique used to take the data
presented in this paper, together with 10 nanosecond
timing resolution to resolve backscattering on one pixel
or from one pixel to another, might be used to study the
probability of electron backscattering from bulk silicon
as a function of incidence angle. Another possibility is
a slightly modified apparatus to absorb electrons before
they can reflect from the magnetic mirror. Characteriza-
tion of such effects is crucial to achieve the 10−4 resolu-
tion necessary for maximum sensitivity to possible new
physics effects on neutron decay parameters.
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